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Abstract. We will introduce new functional equations js} and J4} which are strongly 
related to well-known formulae Q and J2j of number theory, and investigate the solu- 
tions of the equations. Moreover, we will also study some stability problems of those 
equations. 
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1. Introduction 

In 1940, Ulam gave a wide ranging talk before the Mathematics Club of the University of 
Wisconsin in which he discussed a number of important unsolved problems 1181 . Among 
those was the question concerning the stability of homomorphisms: 

Let Gi be a group and let G2 be a metric group with a metric d{- , •). Given any £ > 
0, does there exist a 5 > such that if a function h : Gi G2 satisfies the inequality 
d{h{xy),h{x)h{y)) < 5 for all x,y G Gi, then there exists a homomorphism H : G\ ^ G2 
with d{h{x),H{x)) < e for all x G Gi? 

If the answer is affirmative, the functional equation for homomorphisms is said to be 
stable in the sense of Hyers and Ulam because the first result concerning the stability of 
functional equations was presented by Hyers. Indeed, he has answered the question of 
Ulam for the case where Gi and G2 are assumed to be Banach spaces (see [8J). 

We may find a number of papers concerning the stability results of various functional 
equations (see rr2"3"4'5"67"9'10' l 1I12I13I1 4"15'161 and the references cited therein). 

According to a well-known theorem in number theory, a positive integer of the form 
rn^ri, where each divisor of n is not a square of the integer, can be represented as a sum of 
two squares of integer if and only if every prime factor of n is not of the form 4^ + 3. In 
the proof of this theorem, we make use of the following elementary equalities 



and 



{x\+y]){xl+yl) = {xiX2+yiy2f + {xiy2-yiX2f (1) 
{xi +yi +Zi+wi){x2+y2 + Z2 + w2) = {xiX2+yiy2+ziZ2 + wiW2) 

+ {xiy2-yiX2+ZlW2-WiZ2)^ + {xiZ2-yiW2- ZlX2 + W\y2f 

+ {xiW2 +y\Z2 - ziy2 - wiX2f. (2) 
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As we know, the above equations explain that the product of any sums of two (four) 
squares of integer is also a sum of two (four) squares of integer 

These equalities Q and (|2ji may be formulated by the following functional equations 



In this paper, the solutions and stability problems of the above equations will be inves- 
tigated. 

2. Solutions and stability of OJ 

We will first investigate the solutions of the functional equation Q in the class of func- 
tions / : ^ R. 

Theorem \ . If a function / : ^ R satisfies the functional equation for all 
xi,X2,yi,y2 € R, then there exist a multiplicative function m : R ^ R and a signum 
function (7 : R^ — > {±1} such that 



f{xi,yi)f{x2,y2) = f{xiX2 +yiy2,xiy2~yiX2) 



(3) 



and 



f{xi,yi,zi,wi)f{x2,y2,Z2,W2) = f{xiX2+y\y2+z\Z2 + wiW2 

X\y2-y\X2+Z\W2 - WiZ2,XiZ2'~y\W2-Z\X2 + Wiy2, 
X\W2 +y\Z2-Z\y2 - WlX2)- 



(4) 




for all real numbers x and y. 



Proof. Put y\ = = in (13 to get 



/(xi,0)/(x2,0)-/(xiX2,0) 



(5) 



for all x\,X2 £ R. Replace the 



x,s by X and the y/s by y in (|3} to get 




(6) 



f{y,x) = ai{x,y)f{x,y) 



(7) 




(yi{x,y)f{x,y)fix,y) = aiix,y)f{x^ +/,0) 



(8) 



for any real numbers x and y. 
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We notice that for any given m, v G M, the following system of equations 

{2xy — u, 
2 2 
X —y — V 

has solutions {x{u,v),y{u,v)) in as we see in the following: 

'{±^/^,0) forM = Oandv>0, 

(0,±V^) forM = Oandv<0, 

(x{u,v),y{u,v)) = < 



It follows from (|9} that x^ +y^ = \/ u"^ + v^. According to ^ and (|9jl, we obtain 

/(«, y) = CJi {x{u, v),y{u, v))f (yu^ + v\Q) (10) 
for any m, v g M. 

Taking into account, we may introduce another function cr : ^ {±1} that sat- 
isfies the equality 

/(«,y) = (j(«,v)/(V«2 + y2,0) (11) 
for all M,v e R. 

Finally, define a function m : M ^ M by m{x) = f(x,0) for each x e R. Then, (|5Jl and 
Jl 1> ensure that m is a multiplicative function and that 

f{x,y) = a{x,y)m(^^/x'^+y^ ^ 

for all real numbers x and y. 

We will now investigate some stability problem of the functional equation 0. In view 
of Theorem 1, we can guess that the stability of (|3jl is strongly connected with multiplica- 
tive functions. 

Theorein2. Let X be a field and Mi,M2,Ni,N2 -X — > [0,°°) be functions. If a function 
/ : — !■ C satisfies the following inequality 

\f{xi,yi)f{x2,y2) - f{xiX2+y\_y2,xiy2-y]_x2)\ 

<min{M,(xi),M2(x2),M(yi),A^2(y2)} (12) 

for all xi,X2,yi,y2 G X, then fix,0) is either bounded or multiplicative and further it 
satisfies 

\f{x,yf-f{x^+y^,0)\<mm{M,{x)Mi{x)M{y),N2{y)} 
for any x,y g X. 
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Proof. With yi —y2 — 0, il2\ implies 



|/(^i,0)/(x2,0)-/(xiX2,0)| <min{Mi(xi),M2(x2),A^i(0),A^2(0)} 
for ji[:i,jiC2 e X. If we substitute m(x) instead of /(x,0) in the above inequahty, then we have 

\m{xi)m{x2)-m{xiX2)\ < min{Mi(xi),M2(x2),A^i(0),A^2(0)} 
for all;ici,jiC2 G X. 

Applying a theorem of Szekelyhidi 1171 (see Corollary 8.4 in 1121 1. we conclude that 
m is either bounded or multiplicative. 

Finally, put xi — X2—x and yi —y2—yin il2\ to get 

\f{x,y)^~nx^+y\0)\< min{Mi (x) , M2 (x) , Ni (y) , N2 (y) } 

for all x,y G X. 

3. Solutions and stability of © 

We first prove a lemma which turns out to be indispensable for the investigation of solu- 
tions of the functional equation (0}. 

Lemma 3. For any given a,b,c,d G R, the system of equations 

{x + z){y + w) = a, 
2xz — y^ — w^ = b, 
{x + z){w-y) ==c, 
x^-z^ = d 

has at least one solution (xjjjZ, w) in M^. 
Proof. 



(a) lfa = c = d = and b <0, then {x,y,z,w) = yO, ^/—b/2,0, ^/—b/2j is a solution of 
our system of equations. 

(b) If ^7 > and c/ = 0, set x = z = a 7^ and we will determine the value of a later. It 
follows from the first and third equations that 

fl — c a + c 

y — and w = . 

4a 4a 

By the second one, we get a biquadratic equation 

16a'^-8ba^-a^-c^ = 0, 
and one of its solutions is 



\/b + VoM- b^ + c2 ^ 

a = > 0. 

2 



Hence, the system of equations is solvable in M.'^ when b > and d — 
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(c) For the remaining cases under the condition d ^Q: either if a = 0, < 0, c 7^ and 

= 0, or if fl 7^ 0, < 0, c = and = 0, or if fl 7^ 0, ^7 < 0, c ^ and d = 0, then we 
follow the lines in part (b) and find out one solution of our system of equations. 

(d) Ifdy^Q, set X = \/d + a and z — \fd. for some a > max{0, ~d} (a will be determined 
later). By the first and third equations, we have 

a — C r, ^ n 

y — = ™d w 



2 [s/d + a + V«) 2(x/<i+a + V«) ' 

If we substitute those expressions for x,y,z,w in the second one and if we carry out a 
tedious calculation, then we get a quadratic equation 

q{a) = I6{a'^ + c^ + d^)a^ + ^2d{a^ + c^ + d^)-b{a'^ + c^))a 

~{a^ + c^- + 2bd)^ ^0. 

This equation has one solution a which is not less than and —d because of ^(0) < 
and q{—d) = —{a^ + c^ — 2bd)^ < 0. Thus, the system is solvable in for d ^0. 

In the following theorem, we investigate the solutions of the functional equation (|4j by 
the same idea that was applied to the proof of Theorem 1 . 

Theorem 4. If a function / : — > M satisfies the functional equation ^ for all 
Xi,yi,Zi,Wi e R (/ = 1,2), then there exist a multiplicative function m : R ^ R and a 
signum function c : R"* — > {il} such that 

f{x,y,z,w) = a{x,y,z,w)m (^\/x^ + y^ + z^ + w^^ 

for all real numbers x,y,z,w. 

Proof. If we set yi = Zi = w,- = (/ = 1 , 2) in (0}, then 

/(xi, 0,0,0)/(x2, 0,0,0) =/(xiX2, 0,0,0) (13) 
for all xi,X2 G R. If we substitute x,y,z, w for the w,- in (0), then we have 

f{x,y,z,w)f{x,y,z,w) = f{x^ +y^ + z^ + (14) 
for any x,y,z,w G R. Use eq. MA\ twice to get 

/(y, z, w,x)/(y, z, w,x) - /(/ + + vv^ + x^, 0, 0, 0) 

^f{x^+y^+z^ + w\0,0,0) 
= f{x,y,z,w)f{x,y,z,w). 

Therefore, we may define a function cTi : R"* ^ {il} by 

f{y,z,w,x) ^a[(x,y,z,w)f{x,y,z,w) (15) 
for allx,y,z,w € R. 



96 Soon-Mo Jung and Jae-Hyeong Bae 

It follows from 0, ([l4j and (O that 

f{{x + z){y + w),2xz-y^-w^,ix + z)iw-y),x^-z^) 
= f{x,y,z,w)f{y,z,w,x) 
= <y\ (x,y,z, w)f{x,y,z, w)f{x,y, z, w) 

= aiix,y,z,w)fix^ +y^+z^ + w\0,0,0) (16) 

for any real numbers x,y,z, w. 

According to Lemma 3, we can easily see that 

{{{x + z)iy + w),2xz-y^-w'^,{x + z){w-y),x^-z^) : 
x,y,z,weR} =M.'^ 

because the following system of equations 

{x + z){y + w) = a, 
2xz~y^ — — b, 

(17) 

{x + z){w-y)^c, 
x^-z^ = d 

has at least one solution {x{a,b,c,d),y{a,b,c,d),z{a,b,c,d),w{a,b,c,d)) for any given 
a,b,c^d G K. 

It follows from ( I17> that x"^ +y^ + z^ + = \^a^ +b'^ + + d^. According to il6\ and 
ilH . we obtain 

f{a,b,c,d)^ai{x,y,z, w)f (^V +b^ + + d^, 0,0,0^ (18) 

for any a,b,c,d £ K, where we denote the solution of ( I17> by {x,y,z,w). Taking (I18> into 
account, we may introduce another function ff : ^ {il} that satisfies the equality 

f{a,b,c,d) = a{a,b,c,d)f (^Va^ + b^ + + d^,0,0,0j (19) 

for all a,b,c,d G M. 

Finally, define a function m : M ^ M by m{x) ~ /(x, 0,0,0) for every x G K. Then, (I13t 
and ( I19> ensure that m is a multiplicative function and that 

f{x,y,z,w) — (7{x,y,z,w)m (^\/x^ + y^ + z^ + w^^ 

for all real numbers x,y,z,w. 

We will now study a stability problem of the functional equation 0. In view of The- 
orem 4, we can guess that the stability problem of (0} is strongly connected with multi- 
plicative functions. 
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Theorem 5. Let X be afield and Ki,Li,Mi,Ni : X [0,°°) be functions for i — 1,2. If a 
function / : — > C satisfies the following inequality 

|/(xi,};i,Zi,Wi)/(x2,3'2,Z2,W2) 
- f{x\X2 +yiy2+ZlZ2 + W\W2,Xiy2~yiX2+ZlW2 - ^122, 
X\Z2 -y\W2- Z\X2 + W\y2, X\W2 +y\Z2 - Z\y2 - W\X2)\ 

<min{Ki{xi),K2{x2)M{y\)M{y2),Mi (zi),M2(z2),M (wi),A^2(w2)} 

(20) 

for all Xi,yi,Zi,Wi € X, then /(x, 0,0,0) is either bounded or multiplicative. Further it 
satisfies 

\f{x,y,z,w)^-f(x^ +z2 + vv2,0,0,0)| 

< mm{Ki {x),K2{x),Li{y)My)Mi{z),M2{z),Ni{w),N2{w)} 
for any x,y,z,w € X. 

Proof. With yi — y2 = Zi = Z2=wi =W2= 0, i20\ implies 
|/(xi, 0,0,0)/(x2, 0,0,0) -/(xiX2, 0,0,0)1 

<min{^:i(xi),7i:2(x2),Li(0),L2(0),Mi(0),M2(0),M(0),A?2(0)} 
for xi ,X2 £ X. If we substitute m{x) for /(x, 0, 0, 0) in the above inequality, we have 
|OT(xi)m(x2) — m(xiX2)| 

<min{/i:i(xi),7i:2(x2),Li(0),L2(0),Mi(0),M2(0),A^i(0),A?2(0)} 
for all xi,X2 e X. 

Applying a theorem of Szekelyhidi II17I (see Corollary 8.4 in il2l ). we conclude that 
m is either bounded or multiplicative. 

Finally, put xj = X2 = x, yi ^ y2 = y, zi = Z2= z and wi = W2 = w in ( I20> to get 

\f{x,y,z,wf - /(x2 + z2 + vv2,0,0,0)| 

< min{^:i {x),K2{x)My),L2{y),Miiz),M2iz),Niiw),N2iw)} 
forallx,3',z,w GZ. 
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